Abstract. In this paper, we construct the Grothendieck ring of a class of 2n 2 -dimension semisimple Hopf Algebras H 2n 2 , which can be viewed as a generalization of the 8-dimension Kac-Paljutkin Hopf algebra K8. All irreducible H 2n 2 -modules are classified. Furthermore, we describe the Grothendieck ring r(H 2n 2 ) by generators and relations explicitly.
Introduction

In the 1960
′ s, Kac and Paljutkin (see [7] ) discovered a non-commutative and non-cocommutative semisimple Hopf algebra K 8 of dimension 8. Later, Masuoka (see [14] ) constructed this Hopf algebra as an extension of k[C 2 × C 2 ] by k[C 2 ]. Recently, using Ore extension(see [2, 16, 25, 23, 12, 24, 28] ), an important method to constructing Hopf algebras, Pansera constructed an interesting class of semisimple Hopf algebras H 2n 2 in [17] . These Hopf algebras H 2n 2 of dimension 2n 2 are neither commutative nor cocommutative. In particular, the Hopf algebra K 8 is just the Hopf algebra H 8 . Therefore, H 2n 2 can be viewed as a generalization of the Kac-Paljutkin 8-dimensional Hopf algebra K 8 .
The representations of H 8 were studied in several papers such as [1] and [18] . It turns out that the Hopf algebra H 8 has 4 one-dimensional representations and a single two-dimensional simple module. Recently, the weak Hopf algebra H 8 corresponding to H 8 was constructed in [19] , the representation ring of H 8 was described and the automorphism group of r( H 8 ) was proved to isomorphic to the dihedral group D 6 with order 12.
As is well known, the tensor product of finite dimensional representations of a Hopf algebra plays an important role in the representation theory of Hopf algebras. Particularly, how to decompose a tensor product of two indecomposable modules into a direct sum of indecomposable representations has attracted numerous attentions. One method of addressing this problem is to take the tensor product as the multiplication of the Green ring (or the representation ring) r(H), and to study the ring properties of r(H). In [4] , Cibils classified the indecomposable modules over kZ n (q)/I d , and gave the decomposition formulas of the tensor product of two indecomposable kZ n (q)/I dmodules. Yang determined the representation type of a class of pointed Hopf algebras, classified all indecomposable modules of the simple pointed Hopf algebra R(q, a), and gave the decomposition formulas of the tensor product of two indecomposable R(q, a)-modules(see [29] ). It is noted that some results of R(q, a) were recently extended to more general case of pointed Hopf algebras of rank one by Wang et al. (see [26] ). Huang et al. computed the Clebsch-Gordan formulae and the Green rings of connected pointed tensor categories of finite type (see [5] ) and some tame hereditary pointed tensor categories which are not finite(see [6] ). Li and Hu described the Green rings of the 2-rank Taft algebra(at q = −1)and its two relatives twisted by a representation theoretic analysis(see [10] ). Chen, Van Oystaeyen and Zhang gave the Green rings of the Taft algebra H n (q) (see [3] ). Li and Zhang extended the results of [3] , computed the Green rings of the Generalized Taft Hopf algebras H n,d by generators and generating relations, and determined all nilpotent elements in r(H n,d ) (see [9] ). Su and Yang (see [20] ) studied the Green rings of the weak Generalized Taft Hopf algebras r(w s (H n,d )), showing that the Green rings of the weak Generalized Taft Hopf algebras was much more complicated than its Grothendick ring. Su and Yang (see [21] ) also characterized the representation ring of small quantum groupŪ q (sl 2 ) by generators and relations. It turns out that the representation ring ofŪ q (sl 2 ) is generated by infinitely many generators subject to a family of generating relations. It is noted that most of the above results are obtained in the case of pointed Hopf algebras.
In this paper, we will study the Grothendieck ring of a class of 2n 2 -dimension semisimple Hopf algebras H 2n 2 , which is not pointed. All irreducible H 2n 2 -modules are classified. Furthermore, we describe the Grothendieck ring r(H 2n 2 ) by generators and relations explicitly. It turns out that r(H 2n 2 ) is a commutative ring generated by two elements subjecting to three relations for an odd number n, and three elements with five relations for an even number n.
The paper is organized as follows. In Section 1, we give the definition of H 2n 2 in [17] by generators and relations. It is noted that H 2n 2 is a quasi-triangular Hopf algebra. A complete set of primitive central idempotents of H 2n 2 is constructed and its block decomposition is given. In Section 2, all the finite dimensional irreducible representations of H 2n 2 are classified and the decomposition formulas of the tensor product of two irreducible H 2n 2 -modules are established. In Section 3, we describe the Grothendieck ring r(H 2n 2 ) by generators and relations explicitly. Finally we give some concrete examples for n = 2, 3, 4, · · · , 8.
Throughout this paper, we work over a fixed field k containing an n-th primitive root q of unity and chark ∤ 2n 2 . For the theory of Hopf algebras and quantum groups, we refer to [8, 13, 15, 22] .
The Hopf Algebras H 2n 2
In this section, let us recall the definition of the Hopf algebra H 2n 2 in [17] .
Let R be a Hopf algebra with the antipode S, H = R[z; σ] be the Ore extension with the σ−derivation 0, where σ is an automorphism of R as an algebra. Suppose that 3 In particular, if R = k x, y|x n = y n = 1, xy = yx is a group algebra, where n > 1. We take q ∈ k to be a primitive n-th root of unity and σ is an automorphism of R as an algebra defined by
We also take
Then the pair (σ, J) satisfies the above conditions (1)-(3). Therefore, we get a Hopf algebra H 2n 2 of dimension 2n 2 as follows.
Definition 2.1. ( [17] ) Let n > 1 and q be a primitive n-th root of unity. The Hopf algebra H 2n 2 is the associative algebra generated by x, y and z, with the following relations
The co-multiplication, counit, and antipode are as follows:
One can check that
is the left and right integral of H 2n 2 . Therefore, it is easy to see that H 2n 2 is a non-commutative, non-cocommutative semisimple Hopf algebra with the basis
Let H be a finite dimensional Hopf algebra and R ∈ H ⊗ H an invertible element. The pair (H, R) is said to be a quasi-triangular Hopf algebra and R is said to be a universal R-matrix of H, if the following three conditions are satisfied. Proof. Indeed, let
It is easy to see that J = R −1 and it is straightforward to check that R satisfies the above three conditions. Therefore H 2n 2 is a quasi-triangular Hopf algebra.
It is well known that {e i f j , e i f j z|0 ≤ i, j ≤ n − 1} is also a basis of H 2n 2 , and any element a of H 2n 2 can be written as
a ij e i f j + b ij e i f j z .
Denote the center of H 2n 2 by Z(H 2n 2 ). We have Lemma 2.3. An element
if and only if a ij = a ji , and
Proof. Assume that a ∈ Z(H 2n 2 ), then za = az. Note that
Similarly, we have
It follows that a ij = a ji and b ij = b ji for i = j. On the one hand,
It follows that b ij = 0 for i = j since q i = q j when i = j. On the other hand, if
is easy to see that ay = ya.
The proof is completed.
Proposition 2.4. For the Hopf algebra H 2n 2 , the set
forms a complete set of primitive central idempotents.
Proof. Let
By Lemma 
and
Hence c (e i f j + e j f i ).
As for c 1 , the equality c
, it follows that
It is known that all the elements in Proposition 2.4 are central idempotents and the sum of these elements is 1. It is easy to see that H 2n 2 (e i f j ) = (e j f i )H 2n 2 is minimal as left or right ideal of H 2n 2 and dim H 2n 2 (e i f j ) = 2. It follows that each central idempotents e i f j + e j f i generates a 4-dimensional ideal of H 2n 2 . There are
generates one dimension ideal of H 2n 2 . The sum of the dimension of these ideals is
This implies central idempotents e i f j + e j f i and
Corollary 2.5. As an algebra, we have
H 2n 2 = k ⊕2n ⊕ M 2 (k) ⊕ n 2 −n 2 .
representations of H 2n 2
As is known to all, H 2n 2 is semisimple. In the section, we give all the finite dimensional irreducible H 2n 2 -modules and investigate the decomposition formulas of the tensor product of two irreducible H 2n 2 -modules.
Let S m , m ∈ Z 2n be a one-dimensional irreducible H 2n 2 -module with basis v m , the actions of H 2n 2 on S m are
It is easy to see that
Let S i,j be the 2-dimensional irreducible H 2n 2 -module with the basis v ij 1 and v ij 2 , where 0 ≤ i < j ≤ n − 1, and the actions of H 2n 2 on S i,j are
By Corollary 2.5, we have
forms a complete list of non-isomorphic irreducible H 2n 2 -modules.
Let H be a finite dimensional Hopf algebra and M and N be two finite dimensional H-modules, then M ⊗ N is also an H-module defined by (2) . By the Krull-Schmidt Theorem, any finite dimensional H-module can be decomposed into the direct sum of indecomposable Hmodules.
Suppose that S m and S m ′ are two one dimensional irreducible H 2n 2 
Therefore, we have (
Now we deal with the tensor product of one-dimension irreducible H 2n 2 -module and two-
The actions of H 2n 2 on S m ⊗ S i,j are as follows:
Similarly, S i,j ⊗ S m is a H 2n 2 -module with basis v on S i,j ⊗ S m are as follows:
Therefore we have Proposition 3.3. For H 2n 2 -modules S m and S i,j , where m ∈ Z 2n and 0 ≤ i < j ≤ n − 1, we have
Suppose that S i,j and S k,l are two H 2n 2 -modules, with basis v 
Therefore, we have Lemma 3.4. For two H 2n 2 -modules S i,j and S k,l , where 0 ≤ i < j, k < l ≤ n − 1, we have
provided that i + k = j + l(mod n) and i + l = j + k(mod n).
Assume that i + l ≡ j + k(mod n), and i + k = j + l(mod n), set m = i + l ≡ j + k(mod n), one sees that 0 ≤ m < n. Let
we have
Now it is easy to see that Lemma 3.5. For two H 2n 2 -modules S i,j and S k,l , where 0 ≤ i < j, k < l ≤ n − 1, we have
Assume that i + l = j + k(mod n), and i + k ≡ j + l(mod n), denote m = i + k ≡ j + l(mod n), one sees that 0 ≤ m < n. Let
Now it is easy to see that Lemma 3.6. For two H 2n 2 -modules S i,j and S k,l , where 0 ≤ i < j, k < l ≤ n − 1, we have
provided that i + k ≡ j + l(mod n) and i + l = j + k(mod n),
Assume that i + l ≡ j + k(mod n), and i + k ≡ j + l(mod n). Then n has to be even and
So we have Lemma 3.7. For two H 2n 2 -modules S i,j and S k,l , where 0 ≤ i < j, k < l ≤ n − 1, we have
In summary, we have the following by Lemmas 3.4-3.7.
Proposition 3.8. For two H 2n 2 -modules S i,j and S k,l , we set
Grothendieck ring of H 2n 2
Let H be a finite dimensional Hopf algebra and F (H) the free abelian group generated by the isomorphism classes Particularly, if H is a finite dimensional semi-simple Hopf algebra, then the Green ring r(H) is equal to the Grothendieck ring G 0 (H) and is semi-simple(see [11] , [27] ).
In this section we will describe the Grothendieck ring r(H 2n 2 ) of the Hopf algebra H 2n 2 explicitly by the generators and the generating relations.
By Proposition 2.2, we have
Therefore the Grothendieck ring r(H 2n 2 ) is commutative. Furthermore, r(H 2n 2 ) is semisimple since H 2n 2 is a semisimple.
Let F t (y, z) be the generalized Fibonacci polynomials defined by
for t ≥ 1, while F 0 (y, z) = 0, F 1 (y, z) = 1, F 2 (y, z) = z. These generalized Fibonacci polynomials appeared in [3] and [9] . (1) For all i ∈ Z 2n , we have
, i is even.
In particular, we have
, and cb n = c. (1) a i = [S i ], for all 1 ≤ i ≤ n − 1, and a n = 1.
Proposition 4.4. Suppose that n is odd, we have
Proof. The result is proved by induction. Note that
This equals to the right hand side of (3.4) for m = 1. Hence (3.4) holds for m = 0, 1. Now suppose that (3.4) holds for m, m + 1, then for m + 2 we have
The proof is finished by Lemma 4.1.
Proposition 4.5. Suppose that n is even, we have
Proof. It is noted that [S 0,2 ] = c 2 − a − b and ca = cb. Now the proof is similar to that of Proposition 4.4.
As a consequence, we have Corollary 4.6. Keeping notations as above. Then 
The result is obtained.
(2) By Lemma 4.3, a n = 1 and
Hence there is a one to one correspondence between the set 
and the number of elements in
is just 2n + n 2 −n 2 . Hence we get the result.
By Corollary 4.6, the ring r(H 2n 2 ) is the quotient ring of Z[ y, z ] if n is odd, and r(H 2n 2 ) is the quotient of the ring Z[ x, y, z ] if n is even. , with the Z-basis 
